An explicit expression is obtained for the perimeter generating function G(y)= n≥2 a n y 2n for row-convex polygons on the square lattice, where a n is the number of 2n step row-convex polygons. An asymptotic expression for a n ∼Aµ n n −3/2 is obtained, where µ=3+2 √ 2 and A is given. We also show that the generating function is an algebraic function and that it satisfies an inhomogeneous linear differential equation of degree three.
Abstract.
An explicit expression is obtained for the perimeter generating function G(y)= n≥2 a n y 2n for row-convex polygons on the square lattice, where a n is the number of 2n step row-convex polygons. An asymptotic expression for a n ∼Aµ n n −3/2 is obtained, where µ=3+2 √ 2 and A is given. We also show that the generating function is an algebraic function and that it satisfies an inhomogeneous linear differential equation of degree three.
Introduction
Despite strenuous efforts over the past 40 years, the problem of "self-avoiding polygons" in two or more dimensions remains unsolved. A large amount of numerical evidence exists, and for the hexagonal lattice, the critical point is exactly known, as is the critical exponent (Nienhuis 1982 , 1984 , Guttmann and Enting 1988a , Enting and Guttmann 1989 . In that case, the polygon generating function for a (p) n , the number of 2n step polygons is
where α is believed to be exactly 1/2 for all two-dimensional lattices, y The first such restricted problem, where we confine ourselves to the square lattice, is that of staircase polygons, first solved by Temperley (1956) and independently by Pólya (1969) . In that case, if we define the bottom left-most vertex as the origin, steps from the origin may only be north or east. A more difficult problem is that of convex polygons, which are polygons whose minimum bounding rectangle has the same perimeter as the polygon. This problem is of interest in Computer Science, and was first solved by Delest and Viennot (1984) , and was subsequently independently solved by Guttmann and Enting (1988b) , Lin and Chang (1988) and Kim (1988) , all by different methods. Convex polygons are a superset of the staircase polygons. The staircase polygons may be considered as polygons convex with respect to a line at
45
• to a lattice axis (Pólya, 1969) . A superset of convex polygons arises if we impose convexity in the direction of only one of the lattice axes. If the number of vertical steps in the minimum bounding rectangle equals the number of vertical steps in the polygon, but the horizontal steps are unrestricted, we speak of "row-convex" polygons. This model was introduced by Temperley (1956) , who called it"Model Q" in his hierarchy of models. Temperley obtained an implicit equation for the generating function.
In this paper we obtain an explicit solution for the generating function. We show that it is an algebraic function and we give an explicit expression for the degree four algebraic equation. We also obtain the corresponding third order inhomogeneous linear differential equation, and an asymptotic expression for a n , the number of 2n step rowconvex polygons. Further work on the convex polygon problem shows it satisfies a second order algebraic equation, and a first order inhomogeneous differential equation.
These are also given explicitly.
In terms of critical behaviour, the staircase polygon generating function behaves like
where y (s) c 2 = 1/4, the convex polygon generating function behaves like
where y (c) c 2 = 1/4, and the row-convex polygon generating function behaves like
where y
In a subsequent paper we hope to describe the two variable generating function for row-convex polygons in terms of both area and perimeter.
Generating Function
Let g r be the generating function for row-convex polygons whose first row contains exactly r squares. Then Temperley (1956) 
and similarly for r > 4. From these it is easily shown that g r satisfies the recurrence relation,
Trying a solution of the form g r = λ r leads to the characteristic equation
and hence
where A j are arbitrary functions of y (but independent of r), and the λ j are the four solutions of (3). The full perimeter generating function is given by
Because of the considerable algebraic complexity of finding the A j 's this is as far as Temperley went. However, using the computer algebra program Mathematica (Wolfram 1988) we have been able to find an explicit expression for G(y). The four roots of (3) are
In the limit y → 0 we have
whilst g r ∼ O(y 2r+2 ), thus we must have A 1 = 0, A 3 = 0. Let
then g r , H(y) and G(y) are given by
Using equations (1), (5) and (8) enables us to write g 1 and g 1 − g 2 in the form
which provide the "initial conditions" for the recurrence relation. Substituting (9) into (10) gives two linear equations which can be solved for the two unknowns A 2 and A 4 . Combining this all together, and after considerable manipulation, we obtain the following expression for the generating function G(y),
where ∆ = 4 18 − 38y 2 + 23y 4 − 2y 6 .
The generating function can be expanded in a Taylor series about y = 0 to give the polynomial counts which are listed in Table 1 to order y 50 . These coefficients agree with the series expansions obtained by Whittington (unpublished) and by our own work using transfer matrix techniques analogous to those described by Guttmann and Enting (1988b) .
An asymptotic expansion for a n is obtained as follows: Changing variable from y to x = y 2 and expanding enables (11) to be written in the form
where d 0 , . . . , d 3 are the following constants
where
Then Taylor expanding (x c − x) 1/2 and (x c − x) 3/2 and collecting the appropriate terms gives
Using equation (16) gives a 50 = 2.29988 × 10 34 , which should be compared with the exact value given in table 1.
Algebraic and Differential Equations
The rational exponents that appear in G(y) suggest that it is an algebraic function.
By suitably manipulating and "squaring" (11) it can be shown that it satisfies the following degree four algebraic equation
which is plotted in figure 1 . The plot shows clearly the geometrical nature of the singularities of the function, as well as its four branched nature. Series expansions are only able to "plot" the branch passing through the origin (as they are a Taylor expansion about this point) and only for |y| < y c . Furthermore, the explicit expression (11), if plotted directly, also only gives a subset of the branches. We denote the above algebraic equation by [6,8,10,12;12] , where the numbers are the degrees of the polynomial coefficients, starting with the coefficient of the highest degree of G, and the semicolon delimits the inhomogeneous term. 
and hence it has 16 singularities y = ±0, y = ±1, y = ±i, y = ±1 ± √ 2 and the six roots of the last factor plus an additional singularity at infinity.
Using the generating function for convex polygons it is easily shown that it satisfies the following [8,14;20] 
which only has three finite singularities at y = 0, ±1/2.
As shown by Forsyth (1902) 
Analogous to the previous notation this a [42,39,38,37;37] 
and hence is a [9,9;12] equation. This contrasts with the degree two homogeneous equation found by Guttmann and Enting (1988b) , which is a [4,3,2;3] equation. 
